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The paper considers macroscopic behavior of a Fermi—Dirac particle system. We prove
the L'-compactness of velocity averages of weak solutions of the Boltzmann equation
for Fermi—Dirac particles in a periodic box with the collision kernel b(cos 0)|v — v4|”,
which corresponds to very soft potentials: —5 < y < —3 with a weak angular cutoff:
f(f b(cos @) sin® 8d6 < co. Our proof for the averaging compactness is based on the
entropy inequality, Hausdorff-Young inequality, the L°°-bounds of the solutions, and
a specific property of the value-range of the exponent y. Once such an averaging
compactness is proven, the proof of the existence of weak solutions will be relatively
easy.

KEY WORDS: Boltzmann equation; Fermi—Dirac particles; coulomb interaction;
weak angular cutoff; averaging compactness.

1. INTRODUCTION

The Boltzmann equation under consideration for one species Fermi—Dirac particles
is given by (after normalizing a quantum parameter)

% f+v-Vif = 0s(f), (t,x,v)e][0,00)x T xR? (1)
Os(f) =/ B(v — vy, 0)Ip(f)dodv, 2

R3x§?2
Oe(f) = f f,(0 = NHA = fo)— fALA= A= 1) 3)
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with initial and spatial periodic boundary conditions: f|,—g = fo,
3
T =[][[-%/2. T:/2), 0<T <oo, i=123;
i=I
fo, f are periodic in x = (x1, xp, x3) with the period T = (T}, T2, T3)
and f satisfies the L°°-bounds (due to the Pauli’s exclusion principle):

0< f(t,x,v)<1, (t,x,v)€[0,00) xR xR, 4)

Physical background and derivation of such quantum Boltzmann models can be
found in Chap. 17 of Chapman and Cowling,'> Nordheim,>> and Uehling and
Uhlenbeck.?? In Egs. (1)—(3) the solution f is a density of the number of particles
attime ¢ € [0, 00), position x € T> with velocity v € R3, and f., f’, f/ stand for
the same function f with different velocity variables v,, v’, v} respectively:

fo=ft.x,v), f=[ftx0), fi=f(tx )

where v, v,, and v’, v/, are velocities of two particles before and after their collision
which conserves the momentum and kinetic energy:

P ol P v — vyl ’ U+ U [v — vyl 2
= o, V. = - o, o0€S. 5
2 2 * 2 2 )
For a spherical symmetric two-body interaction potential, the (quantum) collision
kernel B(v — vy, o) (or the scattering cross section B(v — vy, 0)/|v — v4|) is a

non-negative Borel function of |v — v,| and cos& = n - ¢ only®13-15):

B(w —v,,0) := B(Jv — vy, cosb), oe§? n = —uv,)/|v— vyl

Under integrable or certain locally integrable assumptions on B, the global
existence of Egs. (1)—(3) in the mild or distributional sense for the whole space
domain R? have been proven by Dolbeault'®) and Lions®! (and their results also
hold true for the spatial periodic box T?). These results were then extended by
Alexandre® to weak solutions to the case where the kernel B takes the following
form (with our notation)

(cos(8/2)) 1)/

(sin(6/2))5~1)/2°
which is a modification of a classical physical model: the inverse power law of
molecular interaction potentials (see e.g. Cercignani!'®). The equality sign “="
in the above expression of B can be relaxed to the inequality sign “<” and in
this sense the modified part is only the factor (cos(6/2))®*"”/2 which (thanks to
the condition y > —3) comes from the use of Carleman’s representation of the
Boltzmann collision integrals® -39 (see also Ref. 29, Chap. 2]. For the spatially
homogeneous solutions (i.e. solutions that are independent of x), some basic

B(v — vy, 0) = const.|v — v,|" -3<y<l
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results on equilibrium states and long-time behavior of solutions have been also
obtained in (for instance) Refs. 22 and 23 under the usual assumptions of locally
integrable cutoff on B.

In this paper we are mainly concerned with the nonlocally integrable kernel:
We assume that B satisfy (recall that B is non-negative)

B(v — vy, 0) < |v — v,]¥ b(cosB), —S5<y<-3 (6)

with a weak angular cutoff:
L
Ay :=2m / b(cos8)sin’® 6 db < oo. (7)
0

In physics, an interesting case is the Coulomb interaction model for which the
collision kernel B without cutoff is given by ¥ = —3 and the Rutherford’s formula
(see Chap. 21 of Bohm'” and Chap. 1 of Villani®®2%):

1

B(v — v,,0) = const.[v — v, b(cos ), b(cosh) = sint(6/2)

®)
which, as pointed out by Bohm (Ref. 7, p. 579), “has the unique property that the
exact classical theory, the exact quantum theory, and the Born approximation in the
quantum theory all yield the same scattering cross sections.” Note that the angular
cutoff condition (7) does not cover yet the Coulomb model (8). In fact it is a hard
problem to establish a weak form of Egs. (1)—(3) for (8) without angular cutoff.
But the cutoff condition (7) preserves the “main part” of the angular singularity in
(8) in the sense that if we choose for instance b(cos #) = sin~#(0/2) 1;<p<x), then
foﬂ b(cos @) sin® 0d6 < 161og(rr/e) which changes so slowly with 0 < & < 1 that
in practice this truncation is not very sensitive to the actual value of ¢ (see Ref. 7,
p. 521).

1.1. About Weak Solutions

To solve Egs. (1)—(3) for very soft potentials (i.e. y < —3) with or without
angular cutoff, certain weak forms of the equation are necessary as shown in the
study of classical Boltzmann equation (see e.g. Refs. 5, 20, 28). As usual, one
starts by solving Egs. (1)—(3) in the mild form (under certain cutoff on B):

fﬁ(t,x,v)=fo(x,v)+/o O(f)(z, x, v)dT )

where for any function g, g°(¢, x, v) = g(¢, x + tv, v). Then applying (9) and the
following identity for x-periodic function g

/ gi(t, x, v)dx = / ga(t, x,v)dx Y (,v) € [0, 00) x R
T3 T3
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the Eqgs. (1)—(3) can be written as the following weak form
f f(t, x,v)p, x, v)dvdx = / folx, v)e(0, x, v)dvdx
T3 xR3 T3 xR3
t
~|—/ dt/ f(Or¢ +v - Vip)dvdx
0 T3 xR3

l t
+—/ dr/ 05(f | Ap)dvdx Vit >0 (10)
4 0 T3 xR3

where ¢(¢, x, v) are smooth functions periodic in x with period T, A¢ denotes the
collisional difference of velocity functions v — ¢(¢, x, v):

Ap = Ap(v, vy, V', 1) 1= (V) + @(vs) — @(v') — @(v)), (1)

and

05(f1 Ag)(t, x, v) = / B(v — ve. o)A@ Te(N)dodv..  (12)

R3x$?

The problem of rigorous validity of the weak form (10) is focused on finding a
suitable cutoff condition (as weak as possible) on B such that the collision integral
(12) is finite for a large class of smooth functions ¢. In the case of classical
Boltzmann equation, the angular cutoff condition (7) for the Coulomb model (8)
or generally for the very soft potential model (6) was already used in Villani?®
(see also Ref. 29, Chap. 2) where the global existence of weak solutions was proven
by using the entropy control (the Boltzmann H-theorem). Such weak solutions are
then also called H-solutions®2®). For the present Boltzmann—Fermi-Dirac model
(1)—(3), this consideration on entropy control is more important and seems the only
choice because the “mixing” effect, i.e. the prime (") in f” f] and (1 — f")(1 —
/), cannot disappear simultaneously with any change of velocity variables and
thus the following classical relation (e.g. for the original Boltzmann collision
integral)

/ B(v — vy, o) S f. — ffu)Ap dodvdv,
R3xR3x$?

== / St (/ B(U—U*,O)Agochf) dvdvs,
R} xR s

which preserves the “main part” of the angular singularity as shown above for (8),
could not apply to the Fermi—Dirac model. While the entropy method still works; it
combines with the L>°-bounds (4) and the “very softness” —5 < y < —3 enables
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us also to avoid dealing with the problem of the boundedness of the integrals like

2
/ (/ f(t,x,v)(1+|v|2)dv> dx or/ f(t,x,v)v*Pdvdx, §>0.
T3 R3 T3 xR3

(See Lemma 2 in Section 2.)

Before introducing our weak solutions of the Egs. (1)—(3), let us first show
the role of entropy control in dealing with the singularity of collision integrals.
Recall that the entropy functional S( /) for the Boltzmann—Fermi—Dirac model is
given by

S(N= [, (== plog(t = )= flog f)dudx
for measurable functions f satisfying (4) and f € L)(T® x R?), where

LI(T x RY) = {f ‘ 10z :=f f G0l + o) dvdx < oo }

T3 xR

Since 0 < f < | implies that
(1= f)log(1 — ) +1flog fI < f(1+ [v]?) +e "2
the entropy S( /) is bounded:
0 < 8() < Ifllzy + Col T (13)

where |T3| = T, T» T; denotes the volume of the box T>. Classical derivation shows
at least formally that a solution f(¢) = f(¢, -, -) of Egs. (1)—~(3) with initial datum
fli=o = fo satisfies the entropy identity

sy =st+ [ [ Doewan zo. g
In the present paper we shall use only the entropy inequality
suoz s+ [ de [ Dot izo. 0y
Here
D(f) = % /besz B(v — vy, 0)'(f)dodvdv, (entropy dissipation),

D)= fi0 = U= fo) = (1= £ = f)) log (’;f ’;(11__1;{))((11 — f; ) :

and we define

(a—b)log(%):—i—oo fora>0=bora=0<b; =0 fora=b=0.
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To establish weak solutions we use the following test function space C bl,T([O’ o0) X
R? x R?) defined by

¢ € C,1([0,0) x R* x R) &= ¢ € C'([0, ) x R® x R%),

sup (el + 10,0] + Vil + [Vop (2, x, v) < 00,
(t,x,0)€[0,00)x T3 xR3

and the function x > ¢(t, x, v) is periodic with period T = (T3, T, T3).

Now suppose that f is a solution of Egs. (1)—(3) (in the mild sense (9)
for instance) satisfying the entropy inequality (15) and conserving the mass,
momentum and energy. Then

LA Ol = 1folly <00, SU@) < I follpt + Col T, £=0.

Let ¢ € Cg’T([O, 00) X R3 x R3), 0 <t <t <o0. By elementary inequality
|Ap| < V2 [Velllv — v,| sinf (see Lemma 1 in Section 2) we have

15}
/ dt/ B |Ag| |TTg(f)ldodv.dvdx
I T3 xR x 82

t
=< \/5||V(p||/ dt/ B v — v,|sin@ [TTg(f)|dodv,dvdx. (16)
t T3 xR xS?
We show that

[5)
/ dt/ B(v — vy, 0)|v — vy sin O|Ip( f)|dodv.dvdx
t T3 xR0 xS?

B 12, 12
E(CO’;O_(—’TM“)”fO”LQ (/,1 A}D(_f)(t,x)dxdt) : (17)

In particular (using the entropy inequality (15)) forall0 < 7' < oo

T
/ dt/ B(v — vy, 0)|v — v,| sinO|Ip( f)|dodv.dvdx
0 T3 xR®xS?

- (COAOT
5=yl

Here and below C always denotes positive absolute constants.
To do this we consider the decomposition

Ie(f) = L (HI(f)

1/2
nfonL;) [SC/(T)) — S/ (18)

where

() = V(= A = fo+ /A0 = )0 = fD),
L(N) =V (0= HA = f)— VI HA0 = 0= fD).
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By Cauchy—Schwarz inequality we have

15)
/ dt/ B v —v,|sinfd |IIg(f)|dodv.dvdx
T3 xR x§?

t 1/2
< <f dtf B v —v,|*sin’6 |H1(f)|2dadv*dvdx>
t T3 xR®xS?

t 1/2
X < / dt [ B |TIx( f)|2dodv*dvdx> )
4 T3 xR xS?

For the first factor in the right hand side of this inequality we use the following
estimate (see Lemma 2 below)

/ f(t,x,v)f(t,x,v*)dvdv
R3xR3

v — v, I71-2 FT5-

/ £, x,v)|v>"dv

with the condition 0 < 5 — |y| < 2 and note that |IT;(f)|* < 2(f"f. + ff.) to
obtain

[5)
/ drf B v — v, |*sin? 0 |T1,(f)|*dodv,dvdx
T3 xR0 x 8?2
)
<4 / dt f B |v — v, |*sin? 0 f frdodv,dvdx
T3 xR6 xS?

f " CoAy(t
<44, | dt Ldv*dvdx < L)nfon . (19)
) L}
TxRIxR? |V — U] S—ly 2

For the second factor we use the elementary inequality?®
1
(Va— by = Ja - b)log(%), 0<a,b<oo

to deduce [TT,(f)|* < 3T'(f) and thus

5] 5]
/ di / B |TL(f)Pdodv.dvdx < / dt f D), x)dx.  (20)
t T3 xR6xS? H T3

This gives (17).

Inequality (17) (therefore (18)) holds rigorously at leat for mild solutions
1" of Egs. (1)—(3) with strong cutoff kernels B,. And one can construct B,
such that B, / B(n — o0) and f” satisfy the conservation of mass, momen-
tum and energy and satisfy the entropy identity (14) with the entropy dissi-
pation D,(f™) corresponding to B,. By taking weak limit, the inequality (18)
holds also for a limiting function f which is expected to be a weak solution of
Eqgs. (1)—(3) in the following sense:
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1.2. Definition of Weak Solutions of Egs. (1)-(3)

Let B satisfy (6) and (7). Let fy be measurable and x-periodic function (with
the period T) satisfying 0 < fo < 1 onR? x R*and f; € L;(T3 x R%). Let f be
a measurable and x-periodic function (with the period T) on [0, o0) x R3 x R?
and satisfy the L°°-bounds (4). We say that /" is a weak solution to the Egs. (1)—(3)
with the initial datum f; if f satisfies the following (i)—(ii):

(i) Foranyt > 0, (x, v) = f(¢, x, v)is measurable on R x R3, f|,—o = fo,
and Sup;>q ”f(t)”[‘; < 0.
(i1) Forany ¢ € C;’T([O, 00) x R* x R¥*) and forany 0 < T < oo,

T
/ dt/ B(v — vy, 0)|Ap||TTe(f)|dodv.dvdx < 0o 21)
0 T3 xR® xS?

and ( f, ¢) satisfies the equation (10).
Note that the integrability condition (21) can be obtained by the inequalities
(16) and (18) provided that f satisfies (18).

1.3. Conservation of Energy

It is worth noting that the very soft potentials (—5 < y < —3) possess an
advantage that if the angular function b(-) satisfies a stronger cutoff condition

Ay = 271/ b(cos 0)sin® 8dO < oo
0

then every weak solution to Egs. (1)—(3) conserves the energy. (The conserva-
tion of the mass is obvious and the conservation of the momentum follows
from the following argument.) To show this we choose a family {¢.} of test
functions

1
p:(v) = -(1— e"s'”’”‘]'z), £>0, vyeR’
€

and compute 83, o 0:(v) = —deet1=vl (y — yo)i(v — vo); + 26"?'”’“0'23” which

implies |8i_v/_cp8(v)| < 4e=s=wl (1 4 glv — vy|?) < 4 and so by Lemma 1 (see
Section 2) we have

|Ag,| < 6]v — vy|*sind Ve > 0.

Then applying inequality |TTr(f)| < f’ f, + ff. with the same argument as in
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(19) we obtain the integrability:
t
/ dl'/ Blv—v,]? sin@|Ig( f)|dodv,.dvdx
0 T3 xR®xS?

t
<2 / dt / B v — v, |’ sin0ff.dodv,dvdx
0 T3 xR6xS?

CoA}t
Y0 sup | f(0)ll <00 VO <1< oo
S—=1¥l eq0n

On the other hand we have 0 < ¢,(v) < |v — vg|%, lil’(I)l 0:(v) = |v — vy)?, and
e—>0+
thus lirgl |A@.| = 0. Therefore it follows from dominated convergence theorem
e—>0+

and the weak form (10) that forall 0 <t < oo

e—>0+

t
lim | dt / 05(f | Ag.)dvdx = 0,
0 T3 xR3

/ f(t,x, v)|lv — vo|*dvdx :/ folx, v)|lv — vo|*dvdx.

T3 xR3 T3 xR3

This proves the conservation of energy by choosing vy = 0. Also, since vy is
arbitrary, the conservation of momentum follows.

1.4. Velocity-Averaging Compactness

The main purpose of this paper is to prove the L'-compactness of velocity
averages (for any given ¥ € L*®([0, oo) x T? x R?))

(fU)(t,x)= /1;3 ft, x, v)¥(t, x, v)dv (22)

of weak or approximate solutions f of Egs. (1)—(3). As is well-known, the com-
pactness of velocity averages is one of several basic tools in dealing with various
convergence or stability of solutions or approximate solutions of kinetic equations
(see e.g. Refs. 8-10, 16, 17, 19, 29); see also a recent application of the averaging
compactness in Ref. 12 where an appendix may be very helpful to the reader), and
it is different from some other tools (e.g. estimates of entropy dissipation, strong
compactness of the Boltzmann collision gain operators, cancellation lemma, etc.,
see the review in Ref. 29) that the velocity-averaging compactness depends com-
pletely on the related kinetic equation. For the present Boltzmann-Fermi—Dirac
model, since for very soft potentials (—5 < y < —3) this dependence on the equa-
tion (1) is only through the weak form (10) and the angular cutoff condition (7)
on the kernel B is very weak, the known methods for proving the averaging com-
pactness of classical, mild or renormalized solutions of kinetic equations have
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to be improved for the present type of weak solutions. Once such an averaging
compactness is established, the proof of the existence of weak solutions of Egs.
(1)~(3) will be relatively easy.?*

1.5. About Full Compactness

Although our main result is only concerned with averaging compactness, a
very important question is to ask about full compactness (in the whole variables
(t, x,v) oratleast in (x, v)) of weak or approximate solutions. Once the averaging
compactness is established, the tools used in Refs. 3 and 4 (see also Ref. 2) maybe
adapt to the Boltzmann—Fermi—Dirac model for very soft potentials . For instance,
if in addition to (6)—(7) we assume that B also satisfies

B(v—vs,0) > Bo(v —vs,0) == (1+ v — U*I”")71 b(cos 0)10<o<r/2)

and let D(f), Do(f) be defined above corresponding to B and B respectively,
then D(f) > Dy(f) and the cancellation argument in Ref. 3 (or the equality (2.2)
in Section 2 below) can be used to By to obtain the following inequality: There is
an absolute constant Cy > 0 such that forall f € L'(R}) with 0 < f(v) < I,

/ Bof(f. — fo)dodv.dv < Cvof f(v)dv.
R6xS? R

This inequality holds at least when b(¢) is integrable. Then following the proof of
Theorem 1 in Ref. 3 (using a monotone approximation to b(¢) ...) we can prove
that (for instance)

}1 / Bof(1 — f)(fu — f¥dodv.dv < Do(f) + Codo / f)dv, (23)
R6xS? R3

3| Blr =S fldadvds = D+ Codo [ soxv. 24
4 Jroxs? R}
Since f(1 — f) > 0, the inequality (23) seems the most applicable for proving
the full compactness of weak solutions { f”} of Egs. (1)—(3) because in view of
Ref. 3 one needs only to prove that the averages (7, x) > [g; /(1 — f")dv have
a certain positive pointwise lower bound. But this is not easy (even use the fact
that f” are solutions) because f — f(1 — f) is concave, not convex. It is also not
clear how to deal with the mixing term | — f”|| fi — f.| in the inequality (24).
Note that the left hand sides of (23) and (24) are derived from some detailed ones.
We do not know whether these detailed versions can provide the required lower
bound. ...

Before ending this section we need to mention some facts about changes of
variables in integration. Recall that the velocities v’, v/, can be also represented by
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the following w-representation:
vV =v—((v—1y) 0o, v, = v+ (v — vy) - ). (25)
Accordingly in many articles the collision kernel is written as
Bo—v, @) :=B(v—uvl,In-w|), w8, n=w-—uv,)/|v—usl

The relation between B(v — vy, ) and B(v — v,, w) is given by (see e.g. Ref. 29,
Chap. 1)

~ l—n-o
B(lv—1v4],n-w|) =2n-w|B(Jlv —v4|],n-0), |n-w| = —

withn = (v — v,)/|v — v,/|. [t is easily shown that for all non-negative measurable
function ®(v, v,) on R® x R? we have

/ B — vy, 0)®(, v))do = / B — vy, ©)®', v)dw (26)
52 52

where (v, v)) in the right hand side (resp. the left hand side) is given by the
w-representation (25) (resp. o -representation (5)). Note that the conservation of
kinetic energy [v'|? + |v.]? = [v]|? + |v,|? says that for any fixed w € S? the map-
ping (v, v,) > (V', v}) (given by the w- representation (25)) is a /inear orthogonal
transform on R® x R3. It is this linear property and the relation (26) that enable
one to deduce various identities about collision integrals with o -representation. In
this paper unless otherwise stated we always use the o -representation (5).

2. SOME LEMMAS

In this section we collect and prove some lemmas for proving our main results
which are given in the next section.

Lemma 1. Let Ap = Ap(v, v, V', V) be defined in (11). If ¢ € C}(R®) then
|Ag| < V2| Voll [v— v, sind, (v,vs,0) € R x R x §2.

If ¢ € CHR?), then

1
|[Agp| < E”H“’”'v — v,|? sin#.

1/2 1/2
Here | Vol = sup (S0 18,0@)P) ", 1H, | = sup (5,102, e)) .

veR3 veR3
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Proof. By identities
[v" — v = v, — vil = |v — vy sin(0/2),
[V — v = v, — v| = |v — v, cos(0/2),

Ap=(p—¢)+(p—9) =(0— @)+ (0 —¢)
we obtain the first estimate:
|Ag| < 2[|Velllv — v.| min{sin(8/2), cos(8/2)} < V2| Vel||v — v.| sin6.
For the second estimate we compute (using v, — v, = v’ — v)

Ag = [p(vs) — o(v))] — [p(v') — @(v)]

1
_ / [V, + 1(vs — 1)) — V(v + 1 — )] - (v — v)di
0

1,1
= / / W, — ) Hy(v + t(v' — v) + t(v, — v))(v' — v)drdt
0Jo
where H,(v) = (83,- v ¢(v))3x3denotes the Hessian matrix of ¢. This gives
|Ag| < | Hyll v, — vl[v" — v| = 5| H, |l [v — v.[*sin6. o

Lemma 2. Let f, g be measurable functions on R satisfying 0 < f,g < 1 on
R3, and let « < 3 be a constant. Then

/ UAC)COPNFI 2 / (f(v) + g())|v]*~*dv.
R 3 — R3

3xR3 |U - v*|a

Proof. Using the inequalityl < 1{y—y, <20y + 1{jv—v,|<2jv,|} WE COmMpute

v)g(vy 1
/ Lg(a)dvdv* < / f(v) (/ —al{vu*|52U|}dv*> dv
RIxRS |V — Vsl R} RS [V — vl

1
+/ g(v) (/ —a1{|v—v*|<2|v*}dv) dv,
R} R |V — Uyl

e | )+ gniof-av. ]

Lemma 3. Let b(t), ©(r) be non-negative Borel functions on t € [—1, 1] and
r € [0, 0o) respectively, let f(v) be a non-negative measurable function on R>.
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Then withn = (v — v,)/|v — v,| we have, for all v € R,

/Rsxsz b(n - 0)@(jv — v,) f(V)dodv,
- /o % {/R ® <&|:n(_0;)2;) s (v*)dv*} n
/RW b(n - 0)®(Jv — v.]) f(v,)dodv,
- e oo (i) oo

Proof. Let b(t) be defined on 7 € [0, 1] by
b(cos @) = 2cos 6 b(—cos260), 6 €[0,7/2].

Then it has been proven in Ref. 22 that (with the w-representation (25))

/ B0 - o) ®(lv — v.) £ )deod,
R3xS?

A /”/2 sin® b(cos 6) / o v — v, Fondu, ) do
= 47T —_— e Uy Uy 3
0 cos? 0 R® cosf

/ B(in - )@ (v — v.])f(W)dewodv,
R3x$?

7/2 5in 6 b(cos O —
:4;1/ w{/ q;('”, v*|>f(v*)dv*}d9.
0 sin’® 0 R3 sin @

Since, by (24),

[ b0l = v, S dods,

- fR ¢ b(In - 0))®(lv — v, N(f (V). f(V)))dwdv,,

the equalities (28)—(29) follow from the relation (30).

529

(28)

(29

(30)

Remark. A detailed proof of Lemma 3 (for (29)) can be also found in Ref. 3
(Cancellation Lemma) under the condition that function b(t) is supported on
[0, 1], which is not a restriction when connecting the Boltzmann type equations
because as explained in Ref. 3 that in such equations one can replace B(v — vy, 0)

with [B(v — vy, 0) + B(v — vy, —0)]1(no>0-
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Lemma 4. Let B(v — vy, 0) satisfy the conditions (6) — (7) and let [ be mea-
surable function on R satisfying 0 < f < 1. Then

/ B(v — v, 0)sin® 0 [v — v, |72 £ () f(v))dodv,
R3x§?

< 22 4(1 + ) f (14 [0.)/(w)dv,, v eR,
R3

Proof. By assumption on B we have

[ Bw—voysintalo— w00 s
R3x§?

< / b(cos 0)sin 0 [v — v,|> f (V') f(v))dodvs,.
R3x$§?

For dealing with singularity in & we consider a decomposition
b(cos ) sin® 6 = b (cos ) + by(cosh),
bi(cos@) = b(cos ) sin? 0l(z/p<6<m}, ba(cos8) = b(cosh) sin® 01i0<o<r/2}-

Then applying Lemma 3 to the functions b, (¢), b2(t) and ®(r) = r?> we compute
with the assumption 0 < f* < 1 that

/ b(cos ) sin 0 |v — v, | f(V) f(v.)dodv,
R3xS?
< / bi(cos0) [v — v, |* f(V)dodv, + / by(cos8) v — v,|> f(v.)dodv,
R3xS2 R3xS?

™ b(cosB)sin® 6 /2 b(cos @) sin® O
. < / 7(“_’55 )Sin6 o 4 f b(cos ) sin” § de) f v — 02 f(v.)dv,
x2  Sin3(0/2) 0 cos>(0/2) RS

<252 45(1 + o) / (1+ 0. P) f (v )dv,. .
R}

Lemma5. Forall0 < R, A < oocandall (s,x) € R! x R,

/ rdv - 472 R3)1/2
i<k A+ (s +x-v)2 T (A +52+ R x|P)/?

(€2))

Proof. By scaling changes § = s/+/A, ¥ = Rx/+/» and u = v/R, the inequality
(31) is equivalent to

du 4’ . 1 3
/msl FGrrw (1P rppn GDERXR G2
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To prove (32) we can assume that §2 + |¥|> > 1.If |§| > 2|%|, then for all |u| < 1,
|§ 4+ % u| > |5] —|X| = %(IEI + |X|) which implies

/ du - 127 472
< .
wet LG+ -w)? = 9482+ (32 (1435243212

If 5] < 2|%|, then (1 4+ §2 + |%|*)!/? < 4|%| and by changing variable we compute

/ du /1 1 n? 472
T s g =T e gl S S

w<t 1+ @+ X -u)? 1 T+ @+ [0 1Bl ~ (1432 + X))

This proves the lemma. O

Let

2n . 2w 2w
K =10, =0, =L |(.LhhLeZ}, |1 =N
{(Tll 5T 3)‘(1 2, 12) } T LT3

Lemma6. Let¢(s, k) be areal or complex valued functionon R' x K3 satisfying
that s — ¢(s, k) is measurable on R' and

ZfR lp(s, K)|[Pds <0 V1< p<2.

keK3
Let

Flol(t, x) = Z é(s, k)e_i(”'H(‘x)dS, (t,x) € R! x T3.
keK3 R!

Then forany 1 < p <2andq =p/(p—1)

1/p
IF 0] oy < (2 1T°1) (Z fR G, k>|f’ds> SNES
keK3

Proof. (33) is in fact the Hausdorff-Young inequality or a special version of
M.Riesz-Thorin convexity theorem: see Ref. 26, Chap. V, and consider measure
spaces (R' x K3, M, ) and (R! x T?, \/, v) where the o-algebra M is defined
by E € M <= EX:={s e R'|(s,k) € E} is Lebesgue measurable for every
k € K3, and the measure y is then given by

WE)="Y" /R 1e(s,k)ds, E € M;

keK3

while in the second measure space, v is the usual Lebesgue measure. We thus
need only to check that inequality (33) holds for p =1 and p =2. For p =1
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(i.e. ¢ = 00), the inequality (33) is obvious, while for p = 2 = ¢, the equality
sign in (33) holds due to the Parseval identity and Plancherel theorem. O

We next consider the L'-compactness. Recall a criterion of the relative com-
pactness in L'(RY)(see e.g. Ref. 1): Let {/fn}52, be a sequence in L'(RY). Then
{fn}o2, is relatively compact in L'(RY) if and only if { Juloo, satisfies

n>1 n>1

sup [Lfo iy < 00, sup f f@ldz > 0 (R — o0).
|lz|>R

and

sup | (- +h) — full ey = 0 (JA] = 0).
n>1

Lemma 7. Let {F,}°° be a sequence in L'(R' x R®) satisfying that the func-
tions x — F,(t, x) are periodic with the period T = (T, T», Tz) and for some
0<T <oo suppF, C[0,T] xR3(Yn > 1). Suppose further that

sup || Fullziri 13y < 00,

n>1
sup | Fu(- + 7, - +h) — Fullpwixrsy > 0 (IT] + [2] — 0).
nl

Then {F,}:2, is relatively compact in L'R! x T3).

This lemma can be reduced to a special case of the above criterion of the
compactness in L'(R*) by using the following property: Let F(x) be a measurable
and periodic function on R? with the period T, and let (for instance) p(x) =
e~ o > 0. Then

| iFlsear = [ 1reo (Z ol +mT)> dr=C [ 1P

meZ3
where mT := (m Ty, myT», m373) and C < oo depends only on T and «. Then
using this property to f, (¢, x) = F,(t, x)e™*" it is easily checked that {£,}>2,
is relatively compact in L'(R*) and therefore {F,}52, is relatively compact in
L'R" x T3).

3. AVERAGING COMPACTNESS OF WEAK SOLUTIONS

In our proof of the velocity-averaging compactness of weak solutions we will
use the following functions:

IBS,k(t) =

t
(1452 + k)5 +¢2°

as,k(t) =1- tﬂs,k(’)
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where § > 0 is a constant. In our estimates below for averaging compactness we
shall choose 1/2 << § < 1. Let us list some properties of o i, B k:

ask(s+k-v)+ (@ +k-v)Bks+k-v)=1, (34)
(1+s> 4+ k)

0<o,(t)= 1, 35

S = T T 2 S (35)

Bos()] = i <Laas LR G6)
B (1+s2+ k2P +2 = 2 ’

f os (s + k- v)dv < 472 R3 (1 4 52 + [k|?) 17972, (37)

[v|<R

Here the last inequality (37) is due to Lemma 5 with A = (1 + s + |k|?)° and R1.
Let

d
1)

1) = — B k(?).
SOEST 0
Then

(1457 + [k[?)® — 22| - 1
(1 + 52+ k2P +12)2 = (1 + 52+ |k|?)?

pl] = ¢
which gives
IVo(Bok(s + k- ) = 1B + k- )l k] < (1 457+ k)",

This together with (36) implies that

3
sup {|Bs k(s + k- v)| + [Vo(Bsk(s + k-v))} < 5(1 + 57+ [k[)TC2,
veR?
(38)
For any F € L*(R! x T>) N L'(R' x T?), the Fourier transform of F is de-
fined by

F(s, k) = / F(t, x)e 69 gy qr.
RIXT?
By Parseval identity and Plancherel theorem we have

Z/ |ﬁ(s,k)|2ds=2n|T3|/ |F(t, x)|*dxdt. (39)
R! R!xT3

keK?

Let (g) be the velocity average function as given in (22), i.e.

(g)(t,x):/ g(t,x,v)dv, (t,x)eR! x T,
R3
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The Fourier transform of (g) is then given by

(8) (s, k) = / g(t, x, v)e RN gydxde. (40)
R!'xT?xR3

Introduce

1/2
IF 1 v sers)y = (Z / « +s2+|k|2>"|ﬁ(s,k>|2ds) . >0,
keK3 R

d
111,00 = sup {I¥ ()] + V¥ @)}, <1100 = sup {IC(t)I + IEC(OI} :

veR3 teR!

Our first main result of this paper can be stated as follows:

Theorem 1. Let B be a collision kernel satisfying (6) — (7) and let f(t,x,v)
be a weak solution to Eqs. (1)—(3) with initial datum f, € LY(T*> x R®) satisfying
sup,~o [l f ()l L3 xr3) < 00. Assume that f satisfy the entropy inequality (15).
Then there exists a constant 0 < n < 1 depending only on y such that for any
0<T <00 1<R<oocandanyy € C'(R?), ¢ e C'RY withsuppy C {v e
R3 | |v| < R}, supp¢ C (0, T), we have

IAEYM @iy < CliE ool 00 (41)
and consequently for all T € R', h € R®

ISEUNC+ T, -+ ) = (o) @ xr) < CIEooll¥ 0o(t? + A1)
(42)
where C = (1 + Ao)l/choyR,T < oo and Cx, r,1 depends only on Ko, R, T and
I%n v, |T3|. Here Ky is any given constant satisfying sup,=o /(DN s xrey =
0 < OQ.

Proof. We can assume that ¢(¢) = 0, ¥ (v) = 0. Also by replacing ¢(¢) and ¥ (v)
with £(2)/11¢ 111,00 and ¥ (v)/ ¥ ||1,00 We can assume that [|Z]l1,c0 = ¥ ]l1,00 = 1.
In the following we denote by Cys. . «,...) the positive and finite constants that depend
only on its arguments *, *, ... and may depend on y and | T?|. For convenience of
our derivation we extend f(¢) ont € R! as follows:

f(t,x,v)= fo(x,v) for ¢t <0O.

Proof of (41). We will use the functions o k(s + k - v), Bs k(s + k - v) introduced
above. In view of identity (34) we consider the following decomposition:

W(U) = ¢S,k(v) + “I‘,S,k(v)(s +k- U)



Boltzmann Equation for Fermi-Dirac Particles 535

where
q>s,k(v) = I/f(v)as,k(s + k- U)’ \Ijs,k(v) = w(v)ﬂs,k(s + k- U)'

According to (40) this gives

(fey) (s, k) = / f(t, x, v) ()P (V) TN dydxdt

R!xT3xR3

+ f 1t x, V)OOV (v)(s + k - v)e RO Gydxdr.
R!xT3xR3

(43)
Applying the weak form (10) with the test function

@t x, ) = L)Wy (v)e Y

and noting that ¢(7) = ¢(0) = 0 we compute with ¢,(¢) = %;(r)
T
0= / / St x,v)5 (f)‘l’s,k(v)e_i(St+k'x)dvdxdt
0 JT3xR3
T .
_i/ / S, %, V)C(OW, 1 (0)(s + k- v)e TN gudxde
0 T3 xR3

1 (7 o
+2 / / . ¢()e TR p(f | AW )dvdxdt
0 JIxR
and so (using supp ¢ C (0, T') again)

i / 1t x, V)LV, (v)(s + k - v)e RO Gydxdr
R! XT3 xR3

= / f(tv X, v)§1(t)\ljs,k(U)eii(Sth'x)dvdxdl
R!xT3xR3

1 .
+2 / C(D)e I Qp(f | AW dvdxds.
RIXT3xR?

From this we see that the Eq. (43) becomes

(fey) (s, k) = / f(t, x, v) (1) Dy (v)e RO dydxdt

R! XT3 xR3
—i / (. x, V)0 ()W (Ve RO dudxdt
R!'xT3xR3

i A
4 /1 S (e T 0 p(f | AV )dvdxdt. (44)
RIxT3 xR
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Let us denote

(s, k) = (147 + [k[)'/2. (45)
For the sake of integrability we consider, for every 0 < N < oo,
Fyn(s, k) = (o(s, k)" (f¢¥) (s, K) L=y L=<y (46)

where the value of 7 > 0 (depending only on y) will be given later. It is easily
checked that

> [ iaeaotds = Y [ e isen s ods < oo,

keK3 kj<n ¥ SISN

2 /R (0ls, KI(fEY) (s, k)l ds.

keK?

. 2 _
lim Y /R |Fy(s. K)ds =
keK3

Therefore to prove (41) it suffices to prove that

> / |Fn(s,K)[?ds < (14 Ao)Cx,rr VYO <N <oo.  (47)
R

keK3
Let

76, k), = / F(t, x, V)¢ (e N gy,

R!xT3
Pv,v..00)(8, K) = AW (v, vy, V', 0)) (0(s, k)T Fi(s, k).
We compute using (46) and (44)
Z le |FN(s,k)|2ds = Z /I;I(Q(S,k))nFN(S,k)(ffl/f)A(S,k)ds

keK? keK3

= Z /RI(Q(S, k))nFN(S, k) I:/[;% q)s,k(U)]’;E(S, k)vdvj| ds

keK?

—i Z / (o(s, k)" Fy(s, k) [f W (0) (s, k)vdv:| ds
kek’ /R R}
— if B(U — Uy, G)§(t)HF(f)f[(P(U,U*,v’,v;)](f, X)d/,b
R!xT3 xR6xS?
= Il + [2 =+ ]3,

Here and below, du = dodv,.dvdxdt,

F [¢(v,v*,u’,vi)] (t, x) = Z / ¢(v,u*,v’,v;)(sv k)e_i(5t+k.x)ds-
RI

keK3
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Estimates of I; and I,

By Cauchy—Schwarz inequality and recalling that [¢(v)| < 1ju<gy,
los k(s +k-v)| <1 (see (35)) and (37) we have

| @76k o

12 . 12
s(/ |w<v)|z|as,k(s+k-v>|2dv) (/ |f;(s,k)v|2dv)
R3 R3

1/2
< Crlo(s, k)) 1972 (f |7E<s,k)v|2dv> :
R3

If we choose 0 < n < (1 — §)/2, then

e 1/2
L <Cr Y. /R (ols, K" Fx(s, Bl(a(s, k)~ ( fR 3 |fc(s,k)u|2dv) ds

keK3

1/2
< Cg ( IFN(s,k)|2ds) <
%k

Since, by identity (39),
> [ 1o pdvas =2nw [ [ e s oPdxdiay
R! JR3 R3 JRIXT3

keK3

12
Z_/l;l /R3 |ﬁ(57k)ul2dvds) .

keK3

T
< 271|T3|/ dt/ f(t,x, v)dvdx <27 |T3|KCT
0 T3 xR3

it follows that

12
Ih] < Cky.r.1 (Z/ |FN(S,k)|2dS> :
keks 7 R

Similarly we use [W,x(v)] = [¥(0)|Bskls + k- v)| < 3[¥(V)I(als, k)™ (see
(36)) and choose 7 satisfying also 0 < n < 4. Then

ey [
keK?3 R
1/2 1/2
< / |FN(s,k)|2ds> ( f f |7E(s,k)v|2dvds>
<1<EX:K? R! ](62:1(3 R! JR3

1/2
sc;co,m<2 / |FN(s,k)|2ds> :
keK? R!

A 12
(@5 R Fv(s. ) l(es. k) ( |7, k>u|2dv) ds
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Estimate of I;
As shown in the Introduction we have (write ITg( /) = ITL(f/)IT1(f))

1
ey BIEOINT O [ F a1, )] di
R! xT3xR®xS?

12
< < / B |§(t)||Hz(f)|2du)
R!xT3xR6xS2

1/2
x ( f B |¢(r)||m(f)|2|f[¢(v,v*,v/,v;>]|2du>
R!xT3xR®xS?

and, recalling that suppg C (0, T'), [£(¢)| < 1 and using (20), (15) and (13),

T
/ BIe@IITL(f)dp < f dt / D(f)(t. x)dx < Cr,.
R!xT3 xR6xS? 0 b

Therefore we obtain
12
|I3| =< CICO (/ B |§(t)||Hl(f)|2|-7:[¢(v,u*,v’,v;)]|2d,u) . (48)
RIxT3xR6xS§?

Since supp ¥ C {v € R*||v] < R}, this gives (by definition of Pu,v,,v,v)(8, K))

|~7:[¢(v,v*,v’,v;)](t’ x)|2
< NF [dwwnwon] @ 0P (Lipi<ry + Liwaizry + Livi<ry + Livi<ry) -

Again by definition of ¢y,v,,v7,v/)(s, k), the function | Fle,v,.v,v)](f, x)| is invari-
ant under the changes v <> v, and (v, v,) < (V', v}). Thus

f BN PIF [Py i
R!'xT3xR6xS?

<4 / B 1<y € ONTL 1 F by 1Pt
R!xT3xR6xS?

Next let

Yl =2, [v—v =1

Y142 Jv—u > L. “9)

A=x(|v—v*|)={

and let 2 < p < 00, ¢ = p/(p — 1). Here and below p dependsonly on |y|. We
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then compute using Holder inequality

f B 1= |6 ONT NP1 F Doy Pt
R!xT3 xR6x8?

1/p
< <f B ljyzrylv — U*lk(Sin9)2|§(1)||H1(f)|2pd,u>
R!'xT3 xR x$?

1/q
X (/ B 1ju<rylv — v 472 (sin0) /7 | ¢ (O F o v.or,) 11 d
R!xT3 xR6x 8?2

(50)
For the first factor we use inequality |TT;(f)|*? < 22°~1(ff. + f'f!) (because

0< f<1)toget

/ B Ljjp<rylv — vt sin® 01 (0)I|TT (/)P d
R!'xT3 xR6x§?
T
<2 / / B 1u<ryo—u, =y lv — v V72 sin® O(fSfi + f fDd
0 T3 xR6xS?

T
+2%7! / / B 1i<ry o—v>n v — 0|72 sin? 0(f 1 + [ fDd
0 T3 xR®xS?
=22+ 277 2

For the Jj,|—» term we use Lemma 2 to obtain

r t,x,v)f(t,x,
Jyl-2 < 2Ao/ dt/ AUESON 2x v*)dvdv*dx
0 T3xR3xR3 [V — vy

T
< COAO/ dl/ f(t, x,v)vldvdx < CoAolyT.
0 T3xR3
For the Jj, |42 term we compute

() @
v+ =2 + i

T
< AOCORS/ dt/ Fo(1 + vy [Hdvgdx < CoAdgR KT
0 T3 xR3
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and, using Lemma 4,

T
= / / B lp<gylv — v | sin’ 0 f' fldp
0 T3 xR® x §?

T
:f / / (/ BSinzeh)_U*|y|+2f,f,:d0dv*)dvdxd[
0 JT13 Jjv|<R \JR3xS2
T
< Cvo/ / / 1+ v)?) </ £l + |U*|2)dv*> dvdxdt
0 T3 Jjv|<R R3

T
< 4,Co R’ / dt f [, x, v)(1 + [v,)dv,dx < CoAdgR°KoT.
0 T3 xR3

Summarizing we obtain that the first factor in (50) is bounded:

1/p
( / B ly=pylv — v.* sinz@lc(t)lll'h(f)lz”du) < A" Cryorir
R!'xT3 xR6xS?
(51)

To estimate the second factor in (50), let

2q 2p
plz = <2 .
2g — 1 p+1

Then by the Hausdorff—Young inequality (Lemma 6) we have

2q/p
/ |f[¢<v,u*.uau;>](r,x)|2‘fdrdxszn|T3|<Z f |¢<v,v*,vf,u¢)(s,k)v”ds) :
R!'xT3 R!

keK3

Hence by [£(?)] < 1 we get

f B =gy v — v 472 (sin0) 2421 ()| Flw,v,,0r.0) 117 d 10
R!xT3 xR0 x8?
< / B Ljyj<ry|v — va| /P (sin )2/
R3xR3x§?

X </ Ve e (O x)|2thdx> dodv,dv
RIxT3

< 27T|T3| B 1{\U|§R}|v — U*I_“’/”(Sine)_z"/”
R3xR3x$?

2q/p1
X(Z / |¢(v,v*,vgv;)(s,k)|"‘ds> dodv,dv. (52)
keK? R!
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Further estimate: By definition of ¢y,.,,.7,.7)(s, k) and W (v), and applying (38)
and Lemma 1 we compute

|(w,0.,00)(8, K)| < Colv — vs sind (o(s, k)™~ Fy (s, k).

This gives (because(sin6)~24/7(sin §)* = sin’ f)

(52) < 27|T3|CY ( f B Ljy<rylv — 04| 79*/ P72 sin? 9dadv*dv>
R

3xR3x$?

29/p1
x (Z / (0(s. k)P ® 170 Fy (s, k)| ds> . (53)
keK3 R!
We first estimate the second integral in the right hand side of (53). Let

2 D2 2
p=——(E=p+D, ¢@= =—).
2—pi p2—1 Pi

Then p; p, = 2p, pi1g2 = 2. So by Holder inequality with index (p;, g2) we get

2q/p1
(Z / (ol k)P Fy (s, K ds)
keK3 R

q/p
< (e, k))wwus) (
=L

Now we choose 2 < p < oo that depends only y, satisfying

-2 +2
m:=q<|ylp —2)+|y|<3, nz:=q<|y|p —2>+|y|>3

which is equivalent to

q
Z/R |FN(s,k)|2ds) .

keK3

5
CS5—1yl S—1Ivl’
We then choose 6 > 0,7 > Osuchthat1/2+1/p <8 < 1and

maX{Z }<p<

. 2 1-6
0O<np<mni2§—1——, ——, &¢.
p 2

Then the above estimates hold for this number . And we have
B:=2p2§—1—n)>4
which implies (by definition of o in (45)) that
> [ (e Pds ¢ [ (PP < .
R! R

keK?
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Next we compute the first integral in the right hand side of (53): By definition of
A (see (49)) and 51, n, we have

/ B 1{\U|SR}|U — v*|—q(k/p—2) sin2 Gdadv*dv
R3xR3x$?
= / B 1{|v\§R}1{|u7u*|§l}|U — U*I_m-Hyl sin2 edO'dU*dU
R3xR3xS?
+ / B 1ju<ryLjv—v, =131V — U*|_772+|V‘ sin’ Ododv.dv
R3xR3xS?

= AO/ / (Lpp—v < [0 = 0l ™" + Top, sy lv — 0, 7") duydv
[v|<R JR3

< AyCoR3 (/ |z|_'“dz+/ |z|—"2dz> — 4yCy < 00.
|z|=1 |z|>1

Summarizing above we get

>

(53) < AoCr (
kek? VR

q
| Fy(s, k)|2ds) } (54)

Combining (52)—(54) we obtain the following estimate for the second factor in
(50):

1/q
( f B 1y<p)lv — v*r“'/p(sine)—z"/p|¢(t)||f[¢<v,v*,v/,v;)]|2‘fdu)
R!xT3 xR6xS?

< A Crunr Y [ 1FuGs0Pds.
RI

keK3

This together with (48), (50), and (51) gives

12
> [ e, k)|2ds> :

keK?

2
|| < Aé/ Cko.R,T (

Summarizing the above estimates for /; (i = 1, 2, 3) we obtain for all 0 <
N < o0

1/2
Z/ |Fn(s, K)Pds < (1 + 4)*)Crey r.1 (Z/ |FN(s,k)|2dS)
keK3 R! keK3 R!

which implies (47) and (41) is proven.
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Proof of (42). Recalling our assumption on ¢, ¥ and supp ¢ C (0, T') we have
ISR <) < TSUOP SOl sxrey < TKo.
t

Therefore to prove (42) we can assume that |[t| < 1. This implies that the functions
t— (fey)(t + t, x + h) are supported on [—1, T + 1]. By Cauchy-Schwarz
inequality we then obtain

ISEYIC+ T+ h) = (ST i)
< VT + 2T I+, -+ h) = (FE @),
By 0 < 5 < 1 itis easy to show that
7D 117 < 4 + k)" (2 + |k )"
from which we deduce (using (39))
ISEYYC+ T4+ h) = FED gy

1 ‘
— -~ , K 2 i(st+k-h) 1 Zd
e MULRCELE s
< W||<fcw>||§,,7(mm(r2 + 1P < CH? + h ).
This proves (42) and the proof of the theorem is complete. |

Now applying the above estimate (42) we can prove the following averaging
compactness of weak (approximate) solutions of Egs. (1)—(3).

Theorem 2. Let B, B, be collision kernels with B satisfying (6)—(7) and 0 <
B, <Bn=12,..). Let f" be weak solutions of Egs. (1)—(3) with the kernel B,
and the initial data f"|;—o = f; satisfying sup sup ||f”(t)||L; < 00. Assume also

n>1 t>0
that f" satisfy the entropy inequality (15) (corresponding to B,). Then for any
T e (0,00)and any ¥ € L®([0, T] x T3 x R?), the set {{f"¥)|n=1,2,3, ...}
is relatively compact in L'([0, T] x T?).

Proof. Let Ky = sup sup I/"(Olly - As did before we define f"(z,x,v) =

n>1 t>0
Sox,v) for t <0.Let 0 < T < oo and W € L>([0, T] x T> x R?) be given.
We extend ¥ on R' x R? x R in the way that the extension W is peri-
odic in x with the period T and W¥(¢,-,-) =0 for ¢t € R'\ [0, T]. This im-
plies that supp(/"¥) C [0, T] x R® and sup,..; [1{/" W)l crs) < 1¥lloe 7Ky
where |V]lco = W]l z~® xr3xr?)- Therefore, by Lemma 7, to prove the relative
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compactness of {{/"W¥)}*°  in L'(R! x T*) we need only to prove that

lim sup [(/"W)(- + 7, -+ h) = (/" W) ® x13) = 0. (55)
[T+ A0 =1

Forany 1 < R < oo, the Lé-bounds of { f"(#)}52, implies
1
SUP/ St x, 0, x, V) s gydvdxdt < W leo TKo—5-
n>1 JRIXT3 xR3 R

Thus for notation convenience we can assume further that ¥ has been truncated
in the v-variable: W(-, -, v) = 0 for all |[v| > R, so that ¥ € L'(R! x T x RY).

Now given any 0 < & < min{1, T/4}. Choose a function ¢, € C>°(R") sat-
isfying supp &, € (0, T), 0 < ¢.(t) <l onR' and ¢.(t) =1 V¢t € [2¢, T — 2¢].
Also choose a function x € C>°(R?) satisfying suppy C {z € R*|]z| < 1}, 0 <
x(z) <lonze R and [o, x(2)dz = 1. Let x.(2) = £ x(z/e),

W (t,x,v) = §£(t)/ W(t,x,z)xe(v —2z)dz = Cg(t)/ W(t,x,v—ez)x(z)dz.
R3 R3

It is obvious that W, is still periodic in x with the period T. We compute

")+, -+ h) = (V) wxr)

S 20"V = Y e sy F W)+ T, -+ h) = ("Wl R <)
(56)

By (¢, -, ) = Wu(t,-,-) =0 forall t € R' \ [0, T'] we have
1" (¥ = Yl owixry < 1Y — W)l 2o, 713 xR3)-
Since

|W(t, x,v) — W(t, x, v)|

< Wl = 6.(0)) + / (1, x, v) — Wt x, v — e2)]x(2)dz.

lz|<1

and sup,o 1 /" ()l ;1 < Ko, 0 < f" < 1, it follows that
/" (W — W)l 210, 713 xR?)
T
< WK / (1= ()t + Au(e) < 4| W]|wKoe + Au(e) (5T)
0

where

Ag(e) = sup [V —W(, -+ DR <12 xR?)-

|h|<e
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Since W € L'(R! x T? x R3), this implies that Ay(g) — 0 as & — 0+. On the
other hand by writing x. -(v) = x.(v — z) we have

e = [ 0w 2z
R
from which we deduce

[(f"We)(t + T, x + h) = (f" W) (2, x)]

< f " E o)+ Tox + WG+ Tox + b, 2) — W(1, x, 2)|d=
R}

+/R3 (/" CeXe )t +Tox + ) = (f"Ce e 2) (0, W (T, x, 2)]dz.

Using 0 < f" < 1 again gives |(f" & xe,-)(t + T, x + h)| < | xell1wesy = 1. This
together with |W(z, x, z)| < ||W|loc1{zj<r) imply that

(/" We)(-+ T, -+ h) = (Ve x13)
SWC+T, -+ A ) = YR« xR

+ ¥ /l X Il <fn§8Xs,z>(' +7,-+h)— (fn{EXE‘,ZH'Ll(R]XT})dZ'

By ¥ e L'(R! x T3 x R?) again, we have
Ay(t, h) = |l¥(+7,-+h )= V¥Y[prxeoxry —~ 0 (] + 4] = 0).

Also, since for any z € R® satisfying |z| < R, the function v — x..(v) belongs
to C°(R?) with supp x.- C {v € R*||v| <&+ R} C {v € R*||v] < 2R} and
I Xe.z 11,00 = ll Xell1,00, it follows from (42) that

ICf"Cexe )+ T, -+ 1) = (" Cexe) LR x13)
< Cllgellcollxelloo(IT* + 11D V]z] < R.

Here and below C = (1 + 4¢)'/?C K2R, 7 denotes the constant as given in Theo-
rem 1, i.e. Cx, 2r. 7 depends only on Ko, R, T and on y and |T3|. Thus

/I I L T S I

< Cllellooll Xe lloo(lTl* + 1212)"/?
and so we obtain for all n > 1,
"W+ T, A+ h) = (W) [l rer)
< Au(T, 1) + ClIW loolIZe 100l xe lloo(IT P 4 12772 (58)
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Summarizing (56)—(58) we get

sup || (/") +7, -+ h) = ("V)lo®r <)

n>1

< 8|1 Wloko & + 2Au(e) + Auw(z, h) + CIIW [loollCell 1,00l Xe I 1,00 (1T > + []2)72.
This gives

limsup sup |[(f"W)(- + 7, - +h) — ("W ® <) < 8IW [0 & + 2A4(8).
|T|+|h|—0 n>1

Letting ¢ — 0 leads to (55). This completes the proof. O
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